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Abstract – The eﬀects of high-order fields of a tightly focused laser beam on the generation of
relativistic nonlinear Thomson scattered radiations by a relativistic electron were investigated
through numerical simulations. The high-order terms of the laser fields obtained by a series
expansion in a diﬀraction angle were found to strongly aﬀect the nonlinear Thomson scattered
radiations by an increase in the transverse acceleration when electrons co-propagate with the laser
pulse: the spectral range was broadened by a large factor and the angular power was enhanced
by seven orders of magnitude compared to the corresponding values for a paraxial Gaussian laser
beam. For electron energies higher than 200 MeV, the scaling exponent of the peak angular power
with respect to the initial electron energy was also found to increase by a factor of 2.5 compared
to the case of the paraxial laser beam.
c EPLA, 2010
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Introduction. – The scattered radiations of a lowintensity laser pulse that are produced by a relativistic
electron beam [1] have received considerable attention due
to its monochromatic and intense characteristics, which
can be useful in medical applications [2] and nuclear
physics [3]. When the laser intensity becomes relativistic or
the normalized vector potential, a = eEL /me ωo c, exceeds
unity, the motion of the electron becomes relativistically
nonlinear; here, EL is the laser field strength, ωo the
angular frequency of the laser field, e the electron charge,
me the electron mass, and c the speed of light. This results
in a radiation with a wide spectrum, known as relativistic
nonlinear Thomson scattered (RNTS) radiation.
RNTS radiations have been investigated by both
analytical and numerical ways [4–11], and the nonlinear
harmonic spectra were obtained by irradiating atomic
gases [12–15] and relativistic electron beams [16] with an
intense laser pulse. Recently, Lee et al. proposed schemes
for the generation of coherent RNTS radiations to
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klee@kaeri.re.kr
address: Department of Electrical Engineering, Pusan
National University - Pusan, 609-735, Korea.
(b) Present

produce an ultra-short X-ray pulse by utilizing ultra-thin
solid targets [17] and relativistic electron beams copropagating with a laser pulse [18]. A Compton
back-scattering scheme has been recently devised for
attosecond hard X-ray and γ-ray pulse [19].
All the analyses cited above are based on the planewave approximation. However, in actual experiments, the
laser pulse should be focused to a spot that is 10 μm or
less in diameter to produce the relativistic field strength.
The focused laser pulse is usually modeled by a paraxial
Gaussian beam or the zeroth-order solution of the wave
equation [20]. Recently, it has been shown that the highorder terms of the laser field are critical to accurately
calculate the dynamics of an electron [21] and ions [22]
irradiated by the laser pulse when the beam waist is
comparable to the laser wavelength. The high-order terms
have also been considered in the laser-collider by counterinteracting an ultra-intense laser pulse with a gas of Ps
atoms [23]. The spatial distribution of the high-order fields
was found to strongly aﬀect the RNTS radiations for an
80 MeV electron [24].
In this paper, on the basis of numerical-simulation
results, we will describe how the generation of RNTS
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Fig. 1: (Colour on-line) Each component of the laser electric
fields is plotted with respect to the beam waist size in units of
the normalized vector potential. The laser field is evaluated at
(wo /2, wo /2, 0) for a zeroth-order laser intensity a0 = 2.2.

radiations by a relativistic electron with an energy of
200–1000 MeV is aﬀected by the high-order laser fields.
In the case of a counter-propagation or a back-scattering
scheme, such high-order terms are only small corrections
to the paraxial laser beam. However, when an electron copropagates with the laser pulse, the high-order terms of
the laser field significantly enhances the RNTS radiations,
and their eﬀects get more significant as the beam waist
size decreases. Diﬀerent from the electron energy, which
has been found to be significantly aﬀected by odd-order
fields or longitudinal laser fields [21], the RNTS radiation
was found to be strongly enhanced by even-order fields,
which increase the electron acceleration transverse to the
laser propagation direction. Such high-order laser fields
not only enhance the RNTS radiation power by a few
orders of magnitude but also increase the scaling exponent
of the RNTS radiation on the initial electron energy by a
factor of 2.5 compared to that in the case of a paraxial
laser beam.
Laser field beyond paraxial approximation. –
The paraxial Gaussian laser beam is widely used for
studying the interaction between an intense laser pulse
and matter. However, it cannot be used any longer as the
beam waist at the focal plane, wo , becomes comparable
to the laser wavelength, λ. Instead, series solutions of the
wave equation expanded in terms of a diﬀraction angle,
ǫ = wo /Zr (Zr = kwo2 /2: Rayleigh length, k: laser wave
number) can be used once ǫ < 1 is satisfied. Details on
the derivation and the high-order laser fields can be found
in refs. [25,26]. Figure 1 shows the peak amplitudes of
three electric-field components, which were obtained by
including the high-order laser fields up to the 7th order for
a linearly polarized laser (in the x-direction) propagating
in the +z-direction. It is seen that Ey and Ez get stronger
as wo decreases. The peak field strengths of Ey and Ez
are 2.6% and 15% of Ex at wo = 1 μm, respectively. In

z

Fig. 2: (Colour on-line) Schematic diagrams for (a) the counterpropagation and (b) the co-propagation interaction scheme
between a relativistic electron and a laser pulse.

this calculation, λ = 0.8 μm and the zeroth-order field
strength, a0 = 2.2, were used for the laser pulse. The
field strength was evaluated at (wo /2,wo /2,0). The results
presented below were calculated in the (z, x)-plane, in
which Ey = Bz = 0 [26].
Comparison of electron dynamics between the
counter- and the co-propagation scheme. – The
eﬀect of the high-order laser fields on the electron dynamics was investigated for two diﬀerent schemes, as shown
in fig. 2. In the counter-propagation scheme, an electron
with an initial energy of Eo = 200 MeV propagates in the
−z-direction starting at zo /c = 10 fs, while the laser pulse
propagates in the +z-direction starting at zo /c = −10 fs
and is focused at z = 0. In the co-propagation scheme, the
laser pulse and an electron begin to propagate together at
zo /c = −10000 fs toward the focal position. For the laser
pulse, an ultra-short laser pulse with λ = 0.8 μm, a0 = 10,
ΔtF W HM = 5 fs, and wo = 4 μm (in a hyperbolic secant
temporal shape) was used. The dynamics of a relativistic electron were obtained by numerically solving the relativistic Newtonian equation of motion, and the formula for
the generation of radiation by a moving charge was used
for evaluating the RNTS radiations. The radiation reaction was neglected, which has been found to be significant
if 4γ02 ≃ a20 in the case of the counter-propagation scheme,
where γ0 is the initial relativistic gamma factor [27].
A detailed description can be found in ref. [28].
Figures 3 and 4 show how the dynamics of the electron
are aﬀected by the high-order laser fields in the counterpropagation and the co-propagation schemes, respectively.
The numbers in the figures indicate the order up to
which the high-order fields are included. In the counterpropagation scheme (fig. 3), the eﬀect of the high-order
laser fields on the dynamics is found to be negligible. In
the figure, the result obtained for the zeroth-order field is
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Fig. 3: For the counter-propagation case, the time derivatives of
βx and γ/γ0 for the paraxial laser field and the laser field up to
the 7th high order are compared. In this calculation, the laser
pulse with λ = 0.8 µm, wo = 4 µm, a0 = 10, and ΔtF W HM =
5 fs interacts with an electron of Eo = 200 MeV. In the figure,
the result obtained for only the zeroth-order field is superimposed on that for fields up to the 7th order being included; no
diﬀerence is observed.
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where α0 and Δα1 are the integrals of the zeroth- and
the first-order laser field in the unit of normalized vector
potential over the phase (φ = ωo t − ko z(t)), respectively,
and η02 = (1 + α02 )/2γ02 . In the derivation of the above
equations, |βx | ≪ 1, |βz | ≃ 1, and γ ≫ 1. This shows that
in the co-propagation scheme (βz ≃ +1), γ can be larger
or smaller than its initial values, depending on the sign of
Δα1 , but γ varies only above its initial value, if Δα1 =0.
However, in the counter-propagation scheme, since
Δα1 /2γ0 ≪ 1, the high-order fields are only considered as
a small correction.
The equation of motion for the transverse velocity can
be approximated as follows:
 a0
+ (Δae − Δbe ), for βz ≃ +1,
d (γβx )
≃ 2γ 2
(2)
dτ
2a0 + (Δae + Δbe ), for βz ≃ −1,
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The inclusion of the first-order field enhances the variation
of the electron energy or the relativistic gamma factor, γ,
and the energy decreases below the initial values, which
cannot happen in the case of the paraxial Gaussian
beam. However, the eﬀect of terms of order higher than
one on the electron energy is negligible. The transverse
acceleration is aﬀected by even-order fields. In the case of
200 MeV electron (fig. 4(a)), the 2nd-order and 4th-order
fields aﬀect the transverse acceleration, while only the 4thorder laser field aﬀects the transverse acceleration in the
case of 800 MeV electron (fig. 4(b)). The fields of order
higher than four are considered to be small corrections.
These variations in the electron dynamics caused by
the high-order fields can be understood by examining
the equation of motion for the co-propagation (βz ≃ +1)
and the counter-propagation (βz ≃ −1) schemes. In the
(z, x)-plane, only Ex , Ez , and By are considered since
Ey = Bz = 0 at y = 0; then, γ can be obtained by neglecting terms higher than the first order:
⎧
1 + α02
⎪
⎪
,
for βz ≃ +1,
⎨
γ
1 − 2γ0 Δα1
(1)
≃

γ0 ⎪
Δα1 
⎪
2
⎩1 + η02 −
1 − η0 , for βz ≃ −1,
2γ0
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Fig. 4: (Colour on-line) For the co-propagating case, the time
derivatives of βx and γ/γ0 are plotted by including the highorder laser fields for (a) 200 MeV and (b) 800 MeV electrons.
The laser parameters used are the same as in fig. 3. The
numbers on the plots indicate the order up to which the highorder fields are included.

superimposed on that for fields up to the 7th order being
included; no diﬀerence is observed.
However, in the co-propagation scheme (fig. 4), the highorder fields significantly aﬀect the dynamics by increasing
the time derivative of energy and transverse acceleration.

where Δae and Δbe are the even-order terms of the
electric and magnetic fields, respectively, and τ = ωt. The
transverse fields contain only even-order fields while the
longitudinal fields contain odd-order fields [26]. From
eq. (2), the eﬀect of the high-order fields for diﬀerent
propagation schemes is more clearly observed. In the case
of the counter-propagation scheme (βz ≃ −1), the highorder fields are only a small correction to the zeroth-order
field. However, in the case of the co-propagation scheme
(βz ≃ +1), because of the factor of 1/2γ 2 in front of a0 , the
contribution of the high-order fields could be comparable
to that of the zeroth-order fields; this significantly alters
the electron dynamics. It is the diﬀerence between the
high-order transverse electric and magnetic fields that
causes such a dramatic change. These observations show
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Fig. 5: (Colour on-line) For the dynamics shown in fig. 4, the
angular radiation spectra for (a) 200 MeV and (b) 800 MeV
are calculated and plotted, including the high-order fields. The
spectra were obtained in the direction of maximum radiation,
which is the same as that of the laser propagation.

that in the co-propagation scheme, the inclusion of the
high-order terms of the laser field considerably alters
the dynamics in such a manner that the magnitudes of the
electron’s acceleration are enhanced, which is essential to
the strong RNTS radiations.
The diﬀerence between the cases of 200 MeV and
800 MeV electrons in the co-propagation scheme is
caused by the spatial distribution of the 2nd- and the
4th-order laser fields. As the electron energy increases, the
deﬂection of the electron from the axis decreases. Thus,
the contribution of the 4th-order field, which contains
a constant term, dominates that of the 2nd-order field,
which vanishes on the propagation axis.
RNTS radiations in the co-propagation scheme.
– Calculated from the dynamics shown in fig. 4, the
angular spectral intensity and the temporal profile of the
angular power in the direction of maximum radiation are
plotted in figs. 5 and 6, respectively. Note that the spectral
intensity of the RNTS radiation increases by more than
a factor of 10 and the spectral range becomes about 7
times wider in the case of 800 MeV (fig. 5 (b)). Since the
electron experiences only a single sweep of the laser pulse
near the focal region, the spectrum appears as a continuum
instead of modulated harmonic spectra [28]. The increase
in the spectral bandwidth results in a decrease in the
pulse width of the RNTS radiation, as shown in fig. 6.
The peak angular power is also enhanced by more than
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Fig. 6: (Colour on-line) For the case shown in fig. 5, the angular
powers are plotted for (a) 200 MeV and (b) 800 MeV electrons.
Each plot is normalized to its peak value for comparison. The
peak values in ascending order are 11.0, 11.4, 22.6, 22.6, 94.1,
94.1, 94.7, and 94.7 W/sr for the 200 MeV case and 192, 192,
193, 193, 1.14×105 , 1.14×105 , 1.15×105 , and 1.15×105 W/sr
for the 800 MeV case. TL is the period of the laser oscillation
(2.7 fs).

two orders of magnitude. The results also show that it is
the even-order laser fields that significantly enhance the
RNTS radiations through the increase in the transverse
acceleration (fig. 4). These observations have been further
developed to a physical scheme for the generation of
attosecond X-ray pulse [29].
For the co-propagation scheme, the enhancement in the
RNTS radiations by the inclusion of high-order fields for
diﬀerent beam waist sizes is shown in fig. 7. The contribution from the 4th-order field becomes more significant as
the beam waist size decreases, increasing the peak angular power by a factor of 107 at wo = 1 μm for 800 MeV. In
the case of 200 MeV, the contribution of the first- and the
second-order fields to the radiation can be considered to
be constant for wo < 10 μm. As expected, the eﬀect of the
high-order terms becomes negligible for large beam waist
sizes of wo > 10 μm.
The change in the eﬀect of the high-order laser fields
on the RNTS radiations with the initial electron energy
was investigated for the co-propagation scheme. The result
is shown in fig. 8, for a beam waist size of wo = 5 μm.
Figure 8(a) shows that the inclusion of high-order fields
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of a laser pulse not only enhances the radiation power
but also increases the scaling exponent by a factor of
approximately 2.5 for Eo > 200 MeV. For Eo < 200 MeV,
the peak angular power shows interesting behavior with
respect to Eo ; this behavior has been found to be caused
by the nice match between the spatial distribution of the
high-order laser fields and the electron’s trajectory near
focal point for a low-energy electron [24].
To understand the enhancement of the scaling, the peak
values of |dγ/dτ | and |dβx /dτ | are also investigated as
shown in figs. 8(b) and (c), respectively. In the case of
|dγ/dτ |, even though the value increases by an order of
magnitude, the scaling of Eo−3 does not change with the
inclusion of high-order fields. In contrast, in the case of
|dβx /dτ |, the scaling exponent changes from Eo−3 to Eo−1.6 .
The scaling laws can be understood from eq. (2) for
βz ≃ +1. For high-energy electrons with Eo > 200 MeV,
γ can be approximated as a constant, namely,
d(γβx )/dτ ≃ γdβx /dτ , since the change in γ is very
small. Then, eq. (2) can be written as
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Fig. 8: (Colour on-line) For the co-propagation scheme, the
peak values of (a) the angular power in the direction of
maximum radiation, (b) |dγ/dτ |, and (c) |dβx /dτ | vs. the
initial electron energy for the paraxial laser beam and the laser
beam including fields up to the 7th-order field are compared.
For initial energies as high as 200 MeV and above, the scaling
laws are obtained by a numerical fitting.

exponent is in the range from −3 to −1 when the highorder fields are included. The scaling of the angular power
with respect to Eo can also be analyzed by considering the
total radiation power from an electron [30],

2 e2 2 6
˙ 2
˙ 2
′
P (t ) =
ω γ
,
(4)
β − β ×β
3 c

This leads to the scaling of |dβx /dτ | ∝ γ −3 when only the where t′ is the retarded time and is associated with the
a0 term is considered, but one can expect that the scaling time measured at a detector, t, as dt = dt′ (1 − n̂ · β(t′ )),
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where n̂ is the direction in which the radiation is measured.
Since the strongest radiation appears near the z-axis,
it can be approximated as dt′ ≃ 2γ 2 dt. Considering the
angular divergence of ΔΩ ∼ γ −2 , the angular power at the
detector can be approximated as
dP
∝ γ8
dΩ



dβx
dτ

2

.

(5)

In this derivation, γ 4 (dβx /dτ )2 ≫ (dγ/dτ )2 is used. By
applying the scaling law of |dβx /dτ | obtained in the
simulation, this equation yields the scaling of the angular
power with respect to the initial energy as Eo2 and Eo4.8
for laser fields including only the zeroth-order term and
the high-order terms, respectively. The exponents are
comparable to the numerically obtained values of 2.1 and
5.2, respectively.
Since the spatial distribution of the high-order fields,
peaked near xo ≃ wo , are diﬀerent from the zeroth-order
one [26], one could expect stronger RNTS radiations might
appear for oﬀ-axis electron. This eﬀect will be thoroughly
investigated in a separate paper for a real application.
Summary. – The generation of RNTS radiations of a
focused, intense laser pulse by a relativistic electron was
investigated by performing numerical simulations using
the series solution of the wave equation for the laser
pulse. In the counter-propagation scheme, the high-order
laser fields contribute only small correction. However, in
the co-propagation scheme, the enhancement of the time
derivatives of γ and βx by the high-order terms of the laser
field was found to significantly enhance the peak angular
power in the RNTS radiations by orders of magnitude for
a beam waist size of wo < 10 μm. The high-order terms of
the laser field not only enhance the RNTS radiation power
but also increase the scaling exponent with respect to the
electron energy by a factor of 2.5 due to the increase in
the transverse acceleration.
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