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Abstract: The effect of the mixing of pulsed two color fields on the
generation of an isolated attosecond pulse has been systematically
investigated. One main color is 800 nm and the other color (or secondary
color) is varied from 1.2 to 2.4 μm . This work shows that the continuum
length behaves in a similar way to the behavior of the difference in the
square of the amplitude of the strongest and next strongest cycle. As the
mixing ratio is increased, the optimal wavelength for the extended
continuum shifts toward shorter wavelength side. There is a certain mixing
ratio of intensities at which the continuum length bifurcates, i.e., the
existence of two optimal wavelengths. As the mixing ratio is further
increased, each branch bifurcates again into two sub-branches. This 2D map
analysis of the mixing ratio and the wavelength of the secondary field easily
allows one to select a proper wavelength and the mixing ratio for a given
pulse duration of the primary field. The study shows that an isolated sub100 attosecond pulse can be generated mixing an 11 fs full-width-halfmaximum (FWHM), 800 laser pulse with an 1840 nm FWHM pulse.
Furthermore the result reveals that a 33 fs FWHM, 800 nm pulse can
produce an isolated pulse below 200 as, when properly mixed.
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1. Introduction
The ultrafast phenomena which occur in shorter than 1 femtosecond time scale have not been
explored much up to now. An attosecond pulse is an essential tool to investigate such ultrafast
phenomena. To generate attosecond pulses, several methods such as relativistic nonlinear
Thomson scattering (RNTS) [1-3], undulator radiation from energy-modulated electron beam
[4,5], high order harmonics generation(HHG) from gas [6] and solid surface [7] have been
suggested.
Because RNTS method requires a laser intensity of higher than 1 × 1018 W / cm 2 and a
sensitive coherent condition [8], the attosecond pulse generation by RNTS has not been
demonstrated yet. Recently B. Dromey et el. reported the generation of X–rays of up to
3.5keV energy by using surface harmonic method [9]. X-ray pulse duration was not yet
measured. To generate a clean isolated attosecond pulse, the laser intensity of larger than
1 × 1018 W / cm 2 with a contrast ratio of 1010 is required.
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The approach using HHG from gas has been successful to generate attosecond XUV
pulse because of the required laser intensity being moderate and the simple experimental
geometry [10-15]. Because the radiation is emitted by each half-cycle of a laser field in the
HHG approach, an attosecond pulse train is naturally generated using a multi cycle laser. P. M.
Paul et al. produced a train of 250 as xuv pulse using a 40 fs laser system [13]. A pulse train
of 130 as was obtained by the synchronization of harmonics on attosecond time scale [14]. An
isolated attosecond pulse is more useful in applications than an attosecond pulse train. For the
generation of an isolated attosecond pulse, a large difference between the strongest and the
next strongest electric field within the laser envelope is preferred. A few-cycle laser such as 5
fs full-width-half maximum (FWHM) laser has naturally this property. M. Schultze et al.
reported the generation of 170 as isolated pulse using 5 fs FWHM laser pulses [15]. To get a
even shorter isolated pulse by a larger electric field strength difference with few-cycle lasers
or to get an isolated attosecond pulse by multi-cycle lasers whose electric field changes slowly
within the laser envelope, the mixing of two color fields or polarizations have been proposed
[16-22]. The mixture of different color and amplitude fields can result in a larger difference in
the field amplitude among neighboring cycles than in a single color field. The mixing of 6 fs
FWHM, 800 nm laser with 21.3 fs FWHM, 400 nm [16] or 64 fs FWHM, 2400 nm [17] has
been theoretically studied, showing that a sub-100 as pulse can be generated. Recently an
isolated 130 as pulse was experimentally demonstrated using polarization gating [23]. In all of
these works, high harmonics or sub-harmonics of the fundamental field were used. No
systematic work has been done for the effect of arbitrary wavelength being mixed. H. Merdji
et al. showed that the mixing of detuned 2nd harmonic of a 800 nm, 40 fs FWHM pulse (the
fundamental field) can generate sub-100 as pulse more efficiently than the mixing of the 2nd
harmonic [24].
In this paper, we discuss the effect of mixing the two color fields on the generation of an
isolated attosecond pulse and show that there exist optimal wavelengths for the generation of
the shortest isolated attosecond pulse. In our study, an 800 nm laser field is mixed with
another laser field from 1200 nm to 2400 nm wavelength region, which can be generated by
optical parametric processes from an 800 nm laser field. Recently C. Vozzi et al. has
demonstrated the phase stabilization of infrared few cycle pulse generated by optical
parametric process up to mJ level [28]. A series of experiments for the simulation results
presented in this work is viable.
2. Continuum analysis
HHG from gas (or atom) under a strong laser field is well described by the 3-step model [25]:
a bound electron initially is first ionized via tunneling, and then it travels in the oscillating
laser field until being driven back to its parent ion. Finally it recombines with the parent ion,
emitting photons. The maximum photon energy that can be released is proportional to the
ponderomotive energy that the electron has gained during travel under the laser field. Since
the ponderomotive energy scales with the square of the laser field amplitude, the maximum
photon energy is directly related to the laser intensity.
The tunnel ionization is very sensitive to laser intensity. A bound electron is likely to be
ionized near the peak of the laser envelope where the amplitudes of optical cycles are large.
The electron returns to its parent ion in the next optical cycle. Photons are emitted every
nearly-half-cycle around the peak of the laser envelope as shown in Fig. 1(a). Figure 1(a) is
the time-frequency diagram which shows when and what kind of the photons are generated.
Note that there are 4 major emissions in Fig. 1(a). Each emission has the time structure that
the low energy photons are emitted two times and the high energy photons are emitted one
time. As seen in Fig. 1(a), the photons around 100eV are emitted 5 times (around +0.75 fs
(strong), +0.4 fs, +0.2 fs (medium), -0.2 fs and -0.4 fs (weak)). Their time integrated spectrum
is modulated as shown in Fig. 1(b). On the other hand, the photons around 140eV are emitted
only one time (+0.15 fs) so that their spectrum is smooth. We call the smooth part of the
spectrum as continuum. These photons consist of an isolated attosecond pulse. The larger the
spectral width of this continuum is, the shorter the pulse width can be.
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Fig. 1. (a) time-frequency diagram (b) its time-integrated spectrum (high harmonic spectrum)
The simulation was done for a 5fs FWHM, 800nm laser of 5 × 1014 W / cm 2 interacting with
He atom

The continuum length is the spectral width of this smooth part of the spectrum in the high
energy side. We define the continuum length in this way: the start point of the continuum is
the photon energy where its intensity emitted in the widest emission (say the emission A in
Fig. 1(a)) is 3 times larger than its intensity in the 2nd widest emission (say the emission B in
Fig. 1(a)). The end point is the first 1/3 point (R as shown in Fig. 1(b)) between the local
maximum point (P) of the continuum and the start of noise (Q). The continuum length is then
the difference between this start and end point. In the case of Fig. 1(b), the start point is 120
eV and the end point 145 eV so that the continuum length is 25 eV. In most of simulation
cases in our current study, the photon intensity at the end point is about 1% of the photon
intensity at P point. This determination of the end point is not absolute. Another way may be
taken that the end point is the photon energy at which the extension of the plateau of high
harmonic spectrum and the tangential line of the steepest slope to the falling edge meets. This
way also results in a similar conclusion. The determination of the continuum length in the
above way is the trade-off between the cleanness and the shortness of an isolated attosecond.
If the continuum is taken too large, the contribution from other emissions contained is
significant enough that the pulse shape has a complicated structure like that shown in Fig. 5(e).
If the continuum is taken too short, the pulse duration is not as short as it can be.
This definition of the end point is similar to the way in which we find out the cut-off
photon energy in each emission of A and B. The cut-off photon energy in each emission is
proportional to the ponderomotive energy, which scales as the square of the laser electric
field. Hence it is a good approximation that the continuum length is proportional to the
difference between the square of the strong electric field and the 2nd strongest electric field, as
well shown below in Figs. 3(a) and (b).
Using the Lewenstein model, we investigate systematically how the mixing of the two
color fields affects the generation of continuum and show that there exist optimal wavelengths
for the generation of the shortest isolated attosecond pulse.
In our study, an 800 nm light is primary because the 800 nm light is the center
wavelength of most popular Ti:S fs lasers. An 800 nm laser field is mixed with another laser
field from 1200nm to 2400nm wavelength region, which can be generated by optical
parametric processes from an 800 nm laser field. We consider the mixing of linearly-polarized
light. The electric field, when two color fields are mixed, can be written:
t2
t2
(1)
E = E exp( −2 ln 2 ) cos(ω t + φ ) + E exp(−2 ln 2 ) cos(ω t + φ ),
1

#94926 - $15.00 USD

(C) 2008 OSA

τ 12

1

1

2

τ 22

2

2

Received 11 Apr 2008; revised 31 May 2008; accepted 18 Jun 2008; published 26 Jun 2008

7 July 2008 / Vol. 16, No. 14 / OPTICS EXPRESS 10334

Fig. 2. The electric field of single and mixed laser field. The black line is the electric field of a
linearly polarized 11fs FWHM, 800nm laser(single color), the red line the field of 11 fs
FWHM, 800nm laser mixed with, 64fs FWHM, 1840nm laser of 16% intensity of 800 nm light,
and the dotted blue line the field of 11 fs FWHM, 800nm laser mixed with 1200nm laser .
E means the strongest peak electric field. E
E are second, third one. E is overlapped at
2 nd

1 st

3 rd

1 st

blue and red line. T is the period of 800 nm light

where E1 and E2 are the electric field amplitudes, ω1 and ω2 the frequencies, τ 1 and τ 2 the
pulse width (FWHM), φ1 and φ2 the phases of the two color fields, Figure 2 shows how the
electric field changes when two colors are mixed. The black line shows the field of 800 nm,
11 fs FWHM laser light (single color). The red line is the field when the 800 nm, 11 fs
FWHM light field is mixed with an 1840 nm, 64 fs FWHM light pulse whose intensity is 16%
of the 800 nm light. The dotted blue line is the case where a 1200nm, 64 fs FWHM light,
with its intensity being 16% intensity of an 800 nm light is mixed with the 800 nm, 11 fs
FWHM light. The phases are set to be zero. E1st denotes the most strongest electric field, and
E 2 nd , E3 rd the second and third one, respectively. In the case of the blue line, the
ratio E1 / E2 nd does not change much but E1 / E3 rd is improved. In the case of the red line, both
E1 / E2 nd and E1 / E3 rd are improved. This shows that the field amplitude changes sensitively to
a mixing condition. Because the maximum energy of harmonics is proportional to the square
of the laser electric field, under which the free electron travels, the continuum length is
approximately proportional to the difference in between E1st 2 and E 2nd 2 . Since the transformlimited pulse duration of a light pulse is inversely proportional to its bandwidth, the
continuum length should be increased for a shorter isolated attosecond pulse. To increase the
continuum length, the peak intensity difference, E1st 2 − E2nd 2 , should be enlarged. So we define
an intensity difference ratio δ d between the strongest and the 2nd strongest peak by
δd =

E12st − E 22nd
E12st

(2)

The variation of the intensity difference ratio with respect to the mixing wavelength and
its amount is shown in Fig. 3. The primary field is the 800 nm, 11fs FWHM laser field of
5 × 1014 W / cm 2 . Figure 3(a) shows the variation (solid square) of δ d with respect to the
wavelength of the secondary field whose intensity is 4 % of the primary laser intensity. The
continuum length (solid triangle), measured as described in the above, is also plotted. Note
that both the intensity ratio and the continuum length change in a similar way. The change
with respect to the mixing wavelength is dramatic: for the case of an 11fs FWHM 800nm
single color (black line in Fig. 2) δ d is 0.05. For the case of a 1200 nm light being mixed, δ d
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Fig. 3. Laser intensity difference ( ■ ) and continuum length (▲ ) in case of a linearly polarized
11fs FWHM laser pulse of 5 × 1014 W / cm 2 mixed with a 64 fs FWHM secondary pulse of
different intensities: (a) 2 ×1013W / cm2 (4%) for Ar (b) 8 ×1013 W / cm2 (16%) for He. The
horizontal axis is the wavelength of the secondary field. (c) The electric field of the condition
as marked by (c) in (a). (d) The electric field of the condition as marked by (d) in (a).

is 0.18, and for the case of 1840nm being mixed, δ d is 0.38 and the continuum length is almost
doubled. This clearly demonstrates that the mixing of the secondary field with only a few %
of the intensity of the primary field can dramatically change δ d , which is directly related to
the continuum length. When the intensity of the secondary field is increased to e.g. 16% of the
primary field, it is observed as shown in Fig. 3(b) that both the intensity ratio and the
continuum length have a double peak structure, indicating that there are two optimum
wavelengths (1440 nm and 1840nm) for an extended continuum length. The examination of
the electric field reveals that E2 nd = E3rd at the optimum wavelength [Fig. 3(d)]. Since the
improvement in the intensity ratio comes from the beating between different wavelengths, the
optimum wavelength is not necessarily the sub-harmonic of the primary field such as
ω 2 = 1 / 2ω1 , ω 2 = 1 / 3ω1 , etc. Such sub-harmonics have a constructive interference at the second
or third peak when mixed with their fundamental field, which is not favorable to the
generation of a longer continuum length.
As can be noticed in Eq. (1), the intensity difference ratio is a function of wavelengths
( ω1 and ω2 ), amplitude ratio ( E1 and E2 ), phase ( φ1 and φ 2 ) and pulse durations (τ 1 and τ 2 ) of two
color fields. We investigate how the intensity difference ratio ( δ d ) depends on these
parameters. Instead of a complete scan in 8 dimensional parameter space which demands
tremendous effort, we limit ourselves to a parameter space, considering real experimental

#94926 - $15.00 USD

(C) 2008 OSA

Received 11 Apr 2008; revised 31 May 2008; accepted 18 Jun 2008; published 26 Jun 2008

7 July 2008 / Vol. 16, No. 14 / OPTICS EXPRESS 10336

Fig. 4. Contour maps of intensity ratio, ( E / E ) , for various fundamental pulse durations with
2
1
respect to the field ratio and the wavelength of the secondary field whose pulse duration is 64fs
FWHM. The pulse duration(FWHM) of the primary field is 33 fs for (a), 22 fs for (b), 11 fs for
(c), and 6 fs for (d).
2

Table 1. Thresholds for bifurcation

Fundamental laser pulse duration

Threshold ratio
( E 2 / E1 )

33 fs

22 fs

11 fs

6 fs

0.03

0.07

0.28

0.62

conditions: the primary field is 800 nm light ( ω1 is the frequency of 800 nm light) with an
intensity of 5 ×1014 W / cm 2 , weaker than which the intensity of the secondary field is. The
wavelength of the secondary field is chosen to be longer than the primary because the longer
wavelength is in general more favorable to reduce the amplitude of the 2nd strongest cycle of
the primary field. The pulse duration of the secondary field is chosen to be 64 fs FWHM. An
infrared light of this duration with a reasonable energy (up to mJ level) is available for real
experiments through optical parametric progresses even with phase stabilization [28].
Figure 4 is the 2-D contour map of ( E2 / E1 )2 , showing the variation in δ d with respect to
the wavelength of the secondary field and amplitude ratio E 2 / E1 for different pulse durations
of the primary field. The x-axis is the wavelength of the secondary field and the y-axis the
amplitude ratio, E 2 / E1 .
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Fig. 5. High harmonic spectrum (a), generated isolated attosecond pulse (b) and time frequency
diagram(c) for the mixing of an 11 fs FWHM, 800nm, and 3 × 1014 W / cm 2 with a 64 fs FWHM,
1840nm , 1.1× 1014 W / cm 2 . This is the condition for the red triangle in Fig. 4(c); (d), (e), and (f)
for the mixing of an 11 fs FWHM, 800nm, and 3 × 1014 W / cm 2 with a 64 fs FWHM, 1400nm,
and 1.1× 1014 W / cm 2 . This is the condition for the black triangle in Fig.4(c)

To bring up the minute change in δ d more clearly, instead of δ d , we plot the ratio
rI = E1st 2 / E2nd 2 = 1 / (1 − δ d ) in Fig. 4. While δ d varies between 0 and 1, (since E1st is bigger than
E 2 nd ), rI changes from unity to infinity ( 1 < rI < ∞ ). When δ d increases, rI increases more
rapidly so that rI can show even a minute change in δ d more clearly. The pulse durations
(FWHM) of the primary field are different for Figs. 4(a)-(d): (a) 33 fs (b) 22 fs, (c) 11 fs, and
(d) 6 fs. The bright color means a long continuum length (or shorter attosecond pulse in time
domain) In Fig. 4(a), for a given E2 / E1 = 0.36 , four bright colors exist, which means that there
are four optimum wavelengths which can produce extended continua. Examining Figs. 4(a)(d), note that as the amplitude ratio is increased, the bright color (or correspondingly, the
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optimum wavelength for an extended continuum) shifts from longer wavelength (2400 nm) to
shorter wavelength (1200 nm). At a certain wavelength, it bifurcates into two branches. Each
branch bifurcates again at a different level of E2 / E1 . Notice that the threshold amplitude ratio
at which the bright color (or the optimum wavelength) bifurcates gets higher as the pulse
duration of the primary field gets shorter. The threshold ratio is 0.03 and 0.62 in the case of 33
fs FWHM pulse (Fig. 4(a)) and 6 fs FWHM (Fig. 4(d)), respectively, as tabulated in Table 1.
This is rather easily understood that as the pulse duration gets shorter, the difference
between the strongest and the next strongest amplitude gets bigger. Hence the mixing with
larger amplitude of the secondary field is required.
3. Isolated attosecond pulse
The continuum analysis described in the section 2 allows one to find the optimum wavelength
for a given condition. In each of Fig. 4, the specifications of the secondary laser field for
extended continua were chosen (marked as square, circle, and triangle) and the corresponding
attosecond pulse durations were found out. Helium was used as a working gas medium. A 90
attosecond isolated pulse is expected for the mixing of an 800 nm, 6 fs FWHM pulse of
3 × 1014 W / cm 2 with an 1760 nm, 64 fs FWHM pulse of 1.1 × 1014 W / cm 2 [circle in Fig. 4(d)] The
continuum extends from 130 to 280 eV. The Fourier-transform limited pulse duration of this
continuum length is 35 attoseconds. To achieve this, extra chirp management is required.
The mixing of an 800nm, 11 fs FWHM pulse of 3 × 1014 W / cm 2 with an 1840 nm, 64 fs
FWHM pulse of 1.1 × 1014 W / cm 2 [red triangle in Fig. 4(c)] is expected to produce an isolated
pulse of 80 attosecond, as shown in Fig. 5(b). Figures 5(a)-(c) are spectrum (a), time structure
(b), and time frequency diagram (c) for the condition of the red triangle in Fig. 4(c). The
continuum covers from 160 to 260 eV [Fig. 5(a)]. If one is able to select this continuum using
XUV optics such as multilayer mirror and/or a filter, an isolated single 80 attosecond pulse is
expected to be produced. With a careful chirp management this pulse can be shortened even
down to 45 attosecond pulse.
As shown in the section 2, there is another optimum wavelength (1400 nm) when the
mixing ratio is larger than the threshold in the case of an 11 fs FWHM, 800 nm laser. The
condition for an extended continuum is 11 fs FWHM, 800nm 3 × 1014 W / cm 2 and 64 fs FWHM,
1.1 × 1014 W / cm 2 (black triangle in Fig. 4(c)). Figures 5(d)-(f) are spectrum (d), time structure
(e), and time frequency diagram (f) for the condition of the black triangle in Fig. 4(c). Both
cases have resulted in a similar intensity difference and continuum length (from 160 to 260 V).
However, the expected pulse durations are quite different. This can be understood by
examining the time-frequency diagram. In the continuum region of 160 to 260 eV, in the case
of 1840 nm, the radiation by electrons in a long trajectory is much stronger than that by
electrons on a short trajectory [Fig. 5(c)] so that a single pulse appears [Fig. 5(b)]: on the other
hand, in the case of 1400nm, the radiations by both trajectories are equally strong [Fig. 5(f)],
resulting in a complicated pulse [Fig. 5(e)]. It has been experimentally shown that the
contribution of long trajectory radiation can be minimized with a suitable harmonic generation
condition [26, 27]. Therefore the 1400nm case may still generate attosecond pulse as short as
the 1840nm case does
When one puts together an 800nm, 22 fs FWHM pulse of 3 × 1014 W / cm 2 and a 1840 nm,
64 fs FWHM pulse of 7.5 × 1013 W / cm 2 (red square in Fig. 4(b)), one expect to observe an
isolated single pulse of 180 attoseconds (after chirp management, 75 attoseconds).
One important results of this investigation is that an isolated single pulse of 230
attosecond pulse can be produced using a 33 fs FWHM pulse. When an 800 nm, 33 fs FWHM
pulse of 5 ×1014 W / cm 2 is mixed with an 1840 nm, 64 fs FWHM pulse of
2.9 × 1013 W / cm 2 (black square in Fig. 4(a)), an isolated single pulse of 230 attoseconds is
expected to be produced. This pulse can be even shortened to 170 attoseconds, below 200
attoseconds.
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4. Summary
The effect of the mixing of pulsed two color fields on the generation of an isolated attosecond
pulse has been systematically investigated in this work. One main color is 800 nm and the
other color (or secondary color) is varied from 1.2 to 2.4 μm . The parameters chosen for the
two color fields are those which are readily available in laboratories. This work shows that the
continuum length behaves in a similar way to the behavior of the difference in the square of
the amplitude of the strongest and next strongest cycle.
This continuum length behaves in a complicated manner, depending on the parameters of
the pulsed two color fields. For given pulse widths of two color fields, a longer wavelength of
the secondary field is more favorable to the longer continuum length than a shorter
wavelength. When the mixing ratio of intensities is small at the level of 1% or less, the
optimal wavelength for the longer continuum shifts toward shorter wavelength side, as the
mixing ratio is increased. There is a certain mixing ratio of intensities at which the continuum
length bifurcates, i.e., the existence of two optimal wavelengths. As the mixing ratio is further
increased, each branch bifurcates again into two sub-branches. This 2D map analysis of the
mixing ratio and the wavelength of the secondary field easily allows one to select a proper
wavelength and the mixing ratio for a given pulse duration of the primary field. It is
demonstrated that one can produce sub-100 attosecond pulse using an 11 fs FWHM 800 nm
laser pulse with a proper mixing of an 1840 nm pulse. Furthermore the result shows that a 33
fs FWHM, 800 nm light pulse can produce an isolated pulse below 200 as, when properly
mixed
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