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Abstract. The paraxial approximation to a laser field is no longer valid when
the beam waist of the laser is of the order of its wavelength. In such a case, a
laser beam propagating even in free space is not purely transverse but contains a
significant longitudinal field. The present study reveals that the characteristics of
the Thomson scattering by a relativistic electron (80 MeV) of a tightly-focused,
co-propagating laser field is sensitive to the electron’s initial transverse position
and phase with respect to the laser field: the electron radiates more strongly when
it is initially located off the laser axis by about the beam waist than when on the
laser axis. An enhancement of about 2000 times in the radiation power is noticed
for the focused (beam waist w0 of 5 µm) laser intensity of 5 × 1018 W cm−2
compared to a paraxial Gaussian beam case.
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1. Introduction

The recent rapid advance in high-power femtosecond laser technology has attracted researchers
to the generation of an ultra-intense, relativistic laser field, the study of the physics of
the interaction of such an intense laser with matter, and possible applications of related
phenomena in various fields of science and technology [1]. In this context, the radiation
characteristics of relativistic nonlinear Thomson scattering (RNTS) have been investigated for
various applications in science and technology by analytical or numerical methods [2]–[10].
There have been several studies on x-ray generation [11]–[15] and laser intensity measurement
using Thomson scattering [16].
To achieve an ultra-intense laser field, not only is a large amount of laser energy per pulse
required but also the laser pulse has to be focused at the smallest spot with diameter in the order
of the wavelength or so. Recently, a focus with diameter in the order of the laser wavelength was
indeed achieved, achieving a laser intensity at the focus of 0.7 × 1022 W cm−2 [17]. It is known
that the paraxial approximation is no longer valid when the beam waist (w0 ) of the laser is of
the same order as the wavelength or a little larger. Analytical expressions for the fields of tightly
focused laser beams have been derived in the past [18, 19], up to the 11th order of ε [20], where
ε = w0 /zr is the diffraction angle, zr = πw02 /λ the Rayleigh length and λ the wavelength. A
laser beam at such a tight focus is not purely transverse but has a significant longitudinal field.
Salamin et al [21, 22] have shown that the contribution from high-order terms of such a laser
field is critical to accurately calculate the dynamics of an electron irradiated by a tightly-focused
laser field for energy gain where the beam waist is comparable with the laser wavelength; an
adequate description of the acceleration of an electron by a tightly-focused CW (continuous
wave) Gaussian laser beam requires contributions from terms up to the 5th order. Other effects
of the longitudinal field arising from the tight focus on the acceleration of electrons have also
been studied [23]–[25].
However, the number of studies on how the high-order terms affect the radiation
characteristics of an electron under a tightly-focused laser field has been sparse. This paper
presents how the Thomson scattering of radiation of a tightly focused, intense femtosecond laser
pulse by a relativistic electron is affected. The results show that even for a moderate intensity
(of the order of 1018 W cm−2 ), the tight-focus effect is significant: the electron radiates more
strongly when it is initially located off the laser axis by about the beam waist than when on the
laser axis. The radiation power is shown to be about 2000 times stronger with the high-order
fields being included than without the high-order fields being included.
In the present study, the high-order fields up to the 7th order have been included for
the study of the radiation properties with respect to initial electron position of an 80 MeV
electron co-propagating with a Gaussian femtosecond laser pulse. Compared with the counterpropagation geometry of the interaction, the co-propagation geometry has unique features: (i)
a few to a few tens of femtosecond x-rays can be produced even with a picosecond electron
bunch by the proper introduction of a tight focus, (ii) the radiation intensity per electron can be
enhanced due to a tight focus effect and (iii) extended ultravoilet (XUV) and a few keV photons
are produced.
2. Analysis

As shown in figure 1, an electron of 80 MeV initially located at (x0 , y0 ) in the xy-plane
propagates in the +z-direction along with a 800 nm, 5 fs FWHM (full width at half maximum),
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Figure 1. Schematic diagram of the interaction geometry between an electron

and a co-propagating laser pulse. The black and white dots illustrate the
electrons that propagate to z 0 = 0 nm and 200 nm when the laser pulse is absent,
respectively. The black dot electron is called the z 0 = 0 nm electron because
it arrives at z = 0 at t = 0 under no laser field. The white dot electron (the
z 0 = 200 nm electron) arrives at z = 200 nm at t = 0 under no laser field. The
CEP of the laser is set up so that CEP = 0 at t = 0.
20 mJ laser pulse. The beam waist of the laser is w0 = 5 µm at z = 0 (best focus). The time t = 0
is defined as the time when the maximum of the laser envelope arrives at the position of the beam
waist (the best focus). The simulations presented in this paper have been done from −20 000
to +20 000 fs for different initial positions of (x0 , y0 ) and also different z 0 s. Since the Rayleigh
length is ∼100 µm for an 800 nm laser with a beam waist of w0 = 5 µm, the initial beam size is
then about 420 µm, which is 84 times larger than the beam waist. Hence the electron is initially
(at −20 000 fs) under a ∼7000 times weaker laser field than at the focus. The black and white
dots in figure 1 are the electrons with different z 0 s. They are differentiated by the position z
at t = 0 when the laser field is absent. The black dot electron is called the z 0 = 0 nm electron,
because it arrives at z = 0 at t = 0 under no laser field. The white dot electron (the z 0 = 200 nm
electron) arrives at z = 200 nm at t = 0 under no laser field. The relative phase change sensed
by these electrons is also depicted in figure 1. The carrier-envelope phase (CEP) of the laser is
set up so that CEP = 0 at time t = 0.
To investigate electron dynamics, the following equations are numerically solved [6]:
d
d
(γ mv) = −e [E + β × B] ,
(γ mc2 ) = −ecβ · E.
(1)
dt
dt
where m is the electron’s mass; e is the electron’s charge; β = v/c, where v is the speed of the
electron and c the speed of light; γ = (1 − β 2 )−1/2 is the Lorentz factor; and E and B are the
electric and magnetic fields, respectively. The fields contain high-order terms up to the 7th order
and the explicit forms of the fields can be found in [20]. The temporal profile has been assumed
to be Gaussian.
Figure 2 shows peak angular radiation powers (angular peak over the whole range of
interaction time) with respect to initial positions (x0 , y0 ) of the z 0 = 0 nm electron. It tells us
which initial position (x0 , y0 ) of the z 0 = 0 nm electron is favorable to strong radiation. For
an electron bunch of 80 MeV spread over the laser focus, it represents the spatial profile of
the radiation source, since the change of the 80 MeV electron’s trajectory in the transverse
direction is negligible compared with the beam waist at the current level of laser intensity of
5 × 1018 W cm−2 . In the paraxial approximation where only the 0th order field is included, the
electron initially at the central region strongly radiates (figure 2(a)), whereas in the tight focus
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Figure 2. Peak angular powers of the radiation with respect to initial positions

(x0 , y0 ) of the z 0 = 0 nm and z 0 = 200 nm electrons, showing the initial positions
(x0 , y0 ) of the z 0 = 0 nm and z 0 = 200 nm electrons favorable to strong radiation.
(a) The z 0 = 0 nm electron, in the case of the paraxial approximation (only the
0th-order field in ε is considered). (b) The z 0 = 0 nm electron, in the case of nonparaxial approximation (the high-order fields up to ε7 are considered). (c) The
same as in (b) but only the radiation by transverse acceleration is considered.
Note that the intensity is about the same as in (b). (d) The same as in (c) but for
the z 0 = 200 nm electron. (e) Spectra for w0 = 5 µm and I = 5 × 1018 W cm−2
in the direction of each maximum radiation. The maximum radiation angle is 0,
−0.02 and 0◦ for solid, dashed and dashed–dot lines, respectively. The angle is
defined counterclockwise from the z-axis on the zx-plane. (f) The spectrum for
w0 = 100 µm and I = 5 × 1018 W cm−2 in the direction of maximum radiation
−0.26◦ . ω0 is the laser frequency.
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Figure 3. Spatial distribution of the force (x-component) sensed by the

electron on the xy-plane. The force strength is normalized by eE 0 , where e
is the electron charge and E 0 the electric field strength. Panel (a) is for the
paraxial approximation (the 0th order field only) and (b) is for non-paraxial
approximation (fields up to the 7th order are included). The 2nd order terms of
E x and B y fields play significant roles. Note that the force exerted on the electron
initially at (0, 0) is very weak.
regime or non-paraxial approximation (the high-order fields up to the 7th order are included),
the electron initially at the side region (off the laser axis by the beam waist) radiates about
2000 times more strongly (figure 2(b)). This clearly demonstrates that the contributions from
the high-order fields arising from a tight focus significantly affect the radiation characteristics.
The principal reason is the difference in the strength of transverse acceleration. This pattern can
be understood by looking at the Lorentz force closely. The x-component of the force exerted on
the electron in the xy-plane is illustrated in figure 3. Considering the fields up to the 2nd order
for convenience, the x-component (Fx ) of the force exerted on the electron can be written as
Fx /e = E x − βz B y + β y Bz
= (E x(0) + ε 2 E x(2) + · · ·) − βz (B y(0) + ε2 B y(2) + · · ·) + β y (ε Bz(1) + · · ·)
= E x(0) − βz B y(0) + β y ε Bz(1) + ε2 (E x(2) − βz B y(2) ) + · · ·
= (1 − βz )E x(0) + β y ε Bz(1) + ε 2 (E x(2) − βz B y(2) ) + · · ·,

(2)

where e is the electron charge, ε the diffraction angle and Hi(n) the i-component (i = x or y or z)
of the nth (n = 0 or 1) H (= E or B) field. In Gaussian units, E x(0) = B y(0) , and 1 − βz ≈ 10−5
for a co-propagating 80 MeV electron; hence, the magnitude of the first term is of the order of
10−5 E x(0) . In this simulation, the laser field is initially polarized in the x-direction and the initial
electron propagates in the z-direction (initially, βx = β y = 0) so that β y is very small (of the
order of 10−3 ). Since ε ≈ 10−2 , the magnitude of the 2nd term is also of the order of 10−5 E x(0) .
However, the 3rd term is of the order of 10−4 E x(0) . Hence the 3rd term plays a major role in the
acceleration in the x-direction. It is basically this term that is shown in figure 3(b). Note that the
force at the central region is weak, helping us to understand that the radiation pattern shown in
figure 2(b) has a hole at the center. However, in the case of counter-propagation, the transverse
0th order fields E x(0) and B y(0) do not cancel each other in equation (2), because the direction of
velocity is opposite to the laser pulse propagation direction (βz < 0). The 0th order fields are
still dominant; the effect due to the high-order fields is negligible.
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Owing to the influence of the longitudinal electric and magnetic fields, the electron
experiences not only transverse acceleration but also longitudinal acceleration. Hence, the
radiation power has contributions from transverse acceleration, longitudinal acceleration and
their cross-terms [26]. The angular power of the radiation due to the transverse acceleration can
be written as
(
)
|(dβ/dt)⊥ |2
dP(t)
e2
.
(3)
=
d trans. 4π c
(1 − β)4
retarded time

Figure 2(c) shows the peak of the angular power of the radiation due to transverse
acceleration. Note that the magnitude of the radiation due to the transverse acceleration is
about the same as that of the total radiation, implying that the radiation due to the longitudinal
acceleration and cross-terms is negligible.
It is expected that the electrons with different initial z 0 positions go through different
accelerations and the radiation patterns will be different. This can be clearly noticed by
comparing figure 2(c) with figure 2(d). Figures 2(c) and (d) are for z 0 = 0 nm and z 0 = 200 nm
electrons, respectively. There exists a better symmetry among z 0 = 200 nm electrons than
among z 0 = 0 nm electrons, but the radiation powers of z 0 = 200 nm electrons are weaker than
those of z 0 = 0 nm electrons. Note that negligible radiation is still emitted from the z 0 = 200 nm
electron on the laser axis. In other words, the radiation pattern is sensitive to the CEP of the
laser. A CEP-stabilized laser should be employed for the experimental observation of the results
described here.
Figure 2(e) shows the spectrum of (x0 , y0 ) = (−1.2w0 , 0) (solid line) and (x0 , y0 ) =
(+1.2w0 , 0) (dashed line) in figure 2(b) in the direction of maximum radiation. The z 0 = 0 nm
electron with (x0 , y0 ) = (−1.2w0 , 0) goes through stronger acceleration than that with
(x0 , y0 ) = (+1.2w0 , 0), producing much higher energy photons. Figure 2(e) also shows what
spectrum would be produced when only the 0th order field is considered (dashed–dot line).
Notice that not only is the photon energy much smaller but also the photon flux is more than
100 times weaker. Figure 2(f) shows the spectrum of the z 0 = 0 nm electron with (x0 , y0 ) =
(−1.2w0 , 0) for w0 = 100 µm (in this case, the contribution from the high-order fields is
negligible in reality) for the same laser intensity as in figure 2(b). The radiated photon flux is
increased due to the higher energy of the laser pulse, but still lower energy photons are produced.
The comparison of these spectra clearly reveals that the high-order fields due to a tight focus
also change the spectral characteristics of the radiation significantly. Hence the effect due to
a tight focus can be experimentally recognized by observing the spectral difference between a
tight focus and a loose focus by means of a spectrometer or a spectral filter.
Considering that the major difference between the paraxial and non-paraxial
approximations is the existence of the longitudinal field, which leads to longitudinal
acceleration, a question is then raised: how does the longitudinal acceleration affect the
radiation, which is dominated by the transverse acceleration? To understand this issue and
the fact that the off-axis propagation of an electron leads to enhanced radiation by three
orders of magnitude, a detailed analysis of the electron dynamics, such as the variation of the
velocity and acceleration of electrons, and the relative phase and spatial profile of the field
seen by electrons, is required. For this purpose, we consider the z 0 = 0 nm and z 0 = 200 nm
electrons initially at (x0 = ±1.2w0 , y0 = 0). The change of the acceleration in the x-direction
(dβx /dt) and the change of the longitudinal velocity (βz ) are shown in figures 4(a)–(c), where
the left vertical scale is for βz and the right one for dβx /dt. If we rewrite βx and βz as
New Journal of Physics 10 (2008) 093024 (http://www.njp.org/)

7

Figure 4. (a) Dynamics near the best focus of the z 0 = 0 nm electron with

(x0 , y0 ) = (1.2w0 , 0). The figure shows βz (solid line) and dβx /dt (dashed line).
(b) Dynamics near the best focus of the z 0 = 0 nm electron with (x0 , y0 ) =
(−1.2w0 , 0). (c) Dynamics near the best focus of the z 0 = 200 nm electron
with (x0 , y0 ) = (−1.2w0 , 0). (d) Radiation strength for various initial conditions
of electrons. (e) Spatial profile of E z field at z ≈ −40 µm, t ≈ −133 fs. (f)
Dynamics near the best focus of the z 0 = 200 nm electron with (x0 , y0 ) =
(+1.2w0 , 0).

βx = βx 0 + 1βx = 1βx (βx 0 = 0) and βz =qβz 0 + 1βz , where βx 0 and βz 0 are initial velocities
2 q
2
normalized to the speed of light, then β = 1βx + βz0 + 1βz ≈ βz20 + 2βz0 1βz ≈ βz , where
1βx ≈ 10−3  1βz ≈ 10−5 , and βz 0 1βz  1βx2 (βz 0 ∼ 1); hence, equation (3) can now be
rewritten by replacing β in the denominator with βz and (dβ/dt)⊥ in the numerator with
dβx /dt. Equation (3) is plotted in figure 4(d) for dβx /dt and βz given in figures 4(a)–(c).
Figures 4(a) and (b) show the dynamics of the z 0 = 0 nm electron for different initial positions of
(panel a) (x0 , y0 ) = (+1.2w0 , 0) and (panel b) (x0 , y0 ) = (−1.2w0 , 0), respectively. Comparing
figures 4(a) and (b), it can be noticed that the electron experiences similar (in terms of magnitude
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and pattern) transverse acceleration (dashed line) in both cases, but longitudinally (solid line)
the electron is decelerated in figure 4(a) and accelerated in figure 4(b). This longitudinal
acceleration is governed by the field E z near the focus, which is shown in figure 4(e). In
figure 4(e), the bright color on the right-hand side means that E z is in the +z direction, then
exerts a deceleration force on the electron moving in the +z direction. The opposite is true for the
left-hand side. But even though 1βz is small (1βz ≈ 10−5 ), this difference in dynamics results
in a big difference (by a factor of 20) in the radiation power due to the relativistic headlight
effect (i.e. radiation power inversely proportional to the 4th power of 1 − βz as in equation (3)),
as shown in figure 4(d): solid line for (a) and dashed line for (b). This explains the asymmetry
of the radiation pattern shown in figure 2(b).
The peak angular radiation power also depends on the initial position in z for a given
(x0 , y0 ) position. This point can be clearly noticed by comparing figure 2(c) with figure 2(d).
Figure 4(c) shows the dynamics of the z 0 = 200 nm electron for (x0 , y0 ) = (−1.2w0 , 0). Since
the phase of the laser field that the z 0 = 200 nm electron sees is different from what the
z 0 = 0 nm electron sees, the z 0 = 200 nm electron experiences a different acceleration as shown
in figure 4(c). In the case of the transverse acceleration (dβx /dt; dashed line), the z 0 = 200 nm
electron is accelerated and is then decelerated after the best focus (z = 0). In the case of the
longitudinal speed (βz ; solid line), βz does not change much until the electron reaches the
focus through which it is accelerated. Note that the time when βz reaches its maximum does
not coincide with the time for the maximum of dβx /dt. This leads to a radiation power 4 or
5 times lower (dashed–dot line in figure 4(d)) than that for the case of the z 0 = 0 nm electron
(dashed line in figure 4(d)). Figure 4(f) shows the dynamics of the z 0 = 200 nm electron with the
initial position of (x0 , y0 ) = (+1.2w0 , 0). This electron experiences almost the same transverse
acceleration as that for the z 0 = 200 nm electron with (x0 , y0 ) = (−1.2w0 , 0), but a different
longitudinal acceleration. This electron has been accelerated to a higher speed than the initial
speed and is then decelerated across the best focus. This is because the direction of the field E z
for this electron is opposite to that for (x0 , y0 ) = (−1.2w0 , 0). Similarly, as shown in figure 4(c),
βz reaches its maximum at a different time from when |dβx /dt| is peaked. The radiation is
then not so strong for z 0 = 0 nm, (x0 , y0 ) = (−1.2w0 , 0) as in figure 4(b), but is of the same
magnitude as for z 0 = 200 nm, (x0 , y0 ) = (−1.2w0 , 0) (dotted line in figure 4(d)). Further
investigation of the radiation powers of the z 0 = 200 nm electrons with different initial positions
(x0 , y0 ) shows that they go through similar patterns of acceleration and deceleration and emit a
similar magnitude of radiation power. This is the reason why in figure 2(c), the distribution of
the peak radiation of the z 0 = 200 nm electrons with respect to the initial positions (x0 , y0 ) has
a circular symmetry.
As just described in the above, the peak angular power is dependent on the initial position in
z for a given (x0 , y0 ) position. Then one may ask if a similar pattern can be observed by changing
the CEP of the laser instead of the electron position. Simulations have been done for different
positions of electrons such as z 0 = 0, ±200 nm with the condition that initial CEPs are changed
appropriately so that the electrons experience a similar phase change during the interaction. The
simulation results confirmed that all the patterns are quite similar. It is concluded that the pattern
of the peak angular power is maintained as long as the phase experienced by an electron during
the interaction is similar.
Figure 5 illustrates the time-integrated radiated energy with respect to initial positions
(x0 , y0 ) for the different beam waists in the case of the z 0 = 0 nm electron. Figures 5(a)–(c)
are for w0 = 5, 30 and 100 µm, respectively, for a given laser energy of 20 mJ. Note also that
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Figure 5. The radiated energy distribution for different w0 values for

the z = 0 nm electron. (a) w0 = 5 µm, E = 20 mJ and I = 5 × 1018 W cm−2 .
(b) w0 = 30 µm, E = 20 mJ and I = 1.4 × 1017 W cm−2 . (c) w0 = 100 µm,
E = 20 mJ and I = 1.3 × 1016 W cm−2 . (d) w0 = 100 µm, E = 8 J and I = 5 ×
1018 W cm−2 .

figure 5(a) is the integration of figure 2(b) over radiation angle. Although there exist some
minor differences between them, the main distinct feature (asymmetry) does not change and
is robust.
Note that the pattern changes as the beam waist at the focus changes. When the
focus is large, the pattern has a Gaussian profile as expected. Since the laser intensities for
figures 5(a)–(c) are different, one may consider that the difference between figures 5(a) and (c)
is due to the intensity difference. Figure 5(d) is the radiated energy for w0 = 100 µm but with
the same laser intensity as in figure 5(a). The comparison of figure 5(a) with figure 5(d) clearly
indicates that the pattern change is not due to the intensity difference.
The radiation pattern shown in figure 2 or 5 can be, in principle, observed by performing
repeated experiments with single electrons provided that a CEP-stabilized laser is available.
Experiments with a single electron will be in reality very difficult. We have to consider
experiments with an electron bunch. Since each point (x0 , y0 ) radiates with an angular width
of 1/γ ≈ 0.006 radians for the 80 MeV electron, the pattern is blurred out in the far field (say,
half a metre away) and we cannot directly observe the pattern shown in figure 5(a) unless we
use a proper imaging system in the spectral region of 200 eV. However, there is a nice way to
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observe the change of the radiation pattern due to a tight focus. Consider an electron bunch
with a diameter of 100 µm, co-propagating with a laser pulse with a w0 of 30 µm. Consider
the detection of the radiation intensity while scanning the laser focus across the e-bunch from
x = −60 to +60 µm in the xz-plane. The pattern of figure 5(b) then predicts that the signal is
initially very weak but increases and reaches maximum at x = −30 µm and then decreases and
reaches a minimum at x = 0 µm and then increases and reaches a maximum at x = +30 µm and
decreases away. When we do the same experiment with a w0 of 100 µm, we observe only one
peak at x = 0 µm according to figure 5(c).
Another point to be considered in a real experiment is how parallel the laser and electron
beams should propagate. In an experiment, it is difficult to have the electron and laser beams
perfectly co-propagating. The simulations done for the case of the laser and electron beams
co-propagating with a slight angle show that there is no change in the radiation pattern due to a
misalignment of up to 0.01 radians (0.6◦ ).
The simulation has shown that a tight focus significantly enhances the radiation. However,
the number of electrons in the interaction volume is quite limited. One may ask which is
more effective in terms of radiated energy: a tight focus (a small number of strongly-radiating
electrons) or a loose focus (a larger number of weakly-radiating electrons). To address this
question, we consider the interaction of an electron bunch whose diameter is about 400 µm
with a laser pulse with a w0 of 5 or 100 µm for a given laser energy (20 mJ). Figures 5(a) and
(c) are the radiated energy distributions for w0 = 5 and 100 µm, respectively, for the same laser
energy. Figures 5(a) and (c) tell us that the total energy radiated by the electron bunch for the w0
of 5 µm is 10 times larger than that for w0 = 100 µm for the case that electrons in the bunch are
uniformly distributed. One concludes that tight focusing is more effective than the participation
of more electrons in the radiation by extending the beam waist size.
3. Summary

The radiation characteristics of an 80 MeV electron co-propagating with a tightly-focused
femtosecond Gaussian laser pulse have been investigated. The 5 fs FWHM, 20 mJ laser is
focused down to a beam waist (w0 ) of 5 µm, at which the laser intensity is 5 × 1018 W cm−2 .
This intensity is moderate but the effect of non-paraxial high-order fields due to tight focusing
turns out to be dramatic. (i) The angular radiation power is sensitive to the initial position of the
electron. For example, an electron radiates more strongly when the electron is initially located
off the laser axis by about the beam waist than when on the laser axis. (ii) An enhancement
by a factor of 2000 is observed for the focused (w0 = 5 µm) laser intensity of 5 × 1018 W cm−2
compared with a paraxial Gaussian beam case. (iii) The longitudinal field (E z ) near the focus
plays an important role, greatly changing the radiation pattern. (iv) The electron goes through
strong acceleration so that 100–300 eV photons are produced.
The present study clearly demonstrates that the effect of a tight focus should be carefully
taken care of as one deals with the ultra-high intensity of a laser at focus, especially in the area
of high field science.
All the simulation results presented in this paper have been obtained with fields up to the
7th order, but we found that the consideration of fields up to the 2nd order is sufficient to reach
the same conclusions as with fields up to the 7th order.
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