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The radiation of a relativistic electron interacting with a copropagating tightly focused high-power laser is investigated. High-order fields
(HOFs) existing in a tight focus (a few micrometers or so) affect the dynamics
of electrons rather significantly so as to enhance radiation intensity by several
orders of magnitude. In the case of a co-propagating interaction geometry,
the second-order field plays an important role in radiation enhancement. It is
demonstrated that when HOFs are included, the radiation efficiency is increased
by a factor of up to 100 000 for w0 = 2 and 5 µm, with a laser intensity
of 2.2 × 1020 W cm−2 , compared with that when HOFs are not included. The
enhancement is larger for smaller electron energies and laser beam waists.
It has also been shown that when an electron bunch interacts with a highintensity tightly-focused femtosecond laser pulse in a co-propagation geometry,
attosecond (∼300 as) x-ray pulses can be produced. The photon energy can reach
about 40 keV for an electron energy of 2 GeV. The physical scheme investigated
in this work can be used for an ultrafast (attosecond or femtosecond) x-ray source
in the range of 10–100 keV.
Abstract.
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1. Introduction

At the beginning of this century, the femtosecond (fs) barrier was broken [1], a door being
opened to new opportunities for the study of ultrafast electron dynamics in atoms, molecules
and nano-structured systems that have never been explored before. Attosecond technology has
been rapidly progressing in which an isolated sub-100 as pulse was demonstrated [2]. The real
time observation of inner-shell processes in atoms [3], tunneling ionization from atoms [4],
and bandgap transition of electrons in solid has been observed [5]. The currently available
photon energy of attosecond pulses is in the soft x-ray region, 30–100 eV. Figure 1 shows
ultrafast sources available currently or in the immediate future. It is conspicuous that there
is no source available in keV or higher energies faster than 10 fs. In fact, for wider exploration
and manipulation of electron dynamics in a vast spectrum of natural phenomena, attosecond
or a few fs keV pulses are demanded. In this vein, the present paper proposes a new physical
scheme to generate attosecond keV x-ray pulses by utilizing the interaction of a tightly focused
fs laser with a relativistic electron beam. High-order fields (HOFs) existing in a tight focus
(a few micrometers or so) play key roles to not only produce radiation at keV energies but also
enhance the radiation by five orders of magnitude. A ∼300 as pulse in the keV range can be
produced. This source will find many applications in the study of ultrafast atomic and chemical
dynamics.
In the case of interaction of an electron beam with a laser, there are three major interaction
geometries: counter-propagation (Compton back-scattering), 90◦ -scattering and co-propagation
(0◦ -scattering) geometries. The pulse duration, photon flux and photon energy of the radiation in
each case are summarized in table 1. Considering a typical specification of currently available
electron beams (i.e. ∼10 ps pulse duration and 30 µm diameter) and fs lasers (i.e. 30 fs), it
is easy to note that the co-propagation geometry produces the shortest pulse. However, the
radiation produced by the co-propagation interaction in a conventional way is not only very
weak but also in the vicinity of the laser wavelength.
How can one then increase photon flux in the co-propagation geometry? Here we show that
HOFs existing in a tight focus regime can be utilized to enhance the photon flux. The tight focus
here means that the focal spot size is in the order of the wavelength of lasers. The current study
shows that HOFs make significant contributions so that keV x-ray photons are produced at high
photon flux in the interaction of a tightly focused co-propagating laser with an electron bunch.
Maxwell equations tell us that in such a tight focus regime, HOFs cannot be neglected any more
and a conventional transverse Gaussian field description of a laser is no longer valid [6]. The
proper description of the tightly focused laser beam has been derived in powers of s = 1/kw 0 ,
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Figure 1. Currently available ultrafast light sources plotted in terms of photon

energy and pulse duration. It is obvious that there is no ultrafast (attosecond or
less than 10 fs) source in keV and higher energies.
Table 1. Comparison of radiation characteristics between three major interaction

geometries. L conf , L laser , L el and L T , are the confocal parameter and the pulse
length of a driving laser, the pulse length and diameter of an electron bunch,
respectively. c is the speed of light. σT , n e and n L are the Thomson crosssection and the number of electrons and photons in the interaction, respectively.
γ and ωL are the relativistic Lorentz factor and the frequency of the driving
laser, respectively. The pulse duration for each interaction geometry in the first
column is estimated for a 20 ps, 30 µm diameter electron bunch and a 30 fs, 5 µm
diameter focus laser. The co-propagation interaction geometry gives the shortest
pulse.
Interaction geometry

Pulse duration of radiation

Counter-propagation
90◦ -scattering

1t ∼ 2L conf /c ∼ 600 fs
1t ∼ (L T + L laser )/c ∼ 130 fs

Co-propagation

1t ∼ L laser /c ∼ 30 fs

Photon flux

Photon energy of radiation

2σT n e n L
σT n e n L
σT n e n L
2γ 2

4γ 2 ωL
2γ 2 ωL
ωL

where k = 2π/λ and w0 is the wave number and the beam waist (radius at the best focus),
respectively [6]–[9]. Salamin et al [10] has obtained HOFs up to the 11th order in a power
series of diffraction angle ε = 2s. The HOFs were indeed shown to have significant effects on
the laser acceleration of an electron [11]–[13] as well as on the radiation characteristics [14].
The longitudinal component of HOFs was shown to play a significant role in the generation
of high-quality electron bunches [15]. In this paper, we demonstrate that the effect of HOFs
existing in a tight focus regime on the relativistic nonlinear Thomson scattered (RNTS) radiation
by a relativistic electron co-propagating with a laser is dramatic: (i) the radiation intensity per
electron can be enhanced 100 000 times and (ii) a few keV photons are produced. No work has
been done in this respect.
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Figure 2. Spatial distribution of the paraxial (the 0th order) field (a) and E h

of the HOFs (up to seventh order), (b) on the focal plane at t = 0. (c) The xcomponent of the force sensed by the 100 MeV (βz ≈ 0.999 98) electron near the
focal plane at t = 0 and y = 0 (the laser is linearly polarized in the x-direction
and propagates in the z-direction).The fields are normalized by the peak electric
field strength E 0 . The beam waist (w0 ) is 5 µm. Note that the force due to HOFs
is stronger off-axis.

As shown in figures 2(a) and (b), the spatial profile of the HOF is totally different from that
of the 0th order (paraxial) field (Gaussian profile). Even though the HOF amplitude (∼10−4 E 0 )
is much less than the paraxial field amplitude (∼10−1 E 0 ), the HOF can strongly affect electron
dynamics. How and when the HOFs have dramatic effect can be understood by examining the
Lorentz force exerted on an electron. From the relativistic equation of motion, we can write
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dβx /dt (βx = vx /c) as follows:

e −1 
dβx
≈
γ
(1 − βz )E x(0) + ε2 (E x(2) − βz B y(2) ) + · · ·
dt
m ec


 2 (2)
e −3 E x(0)
2
(2)
≈
γ
+ γ ε (E x − B y ) + · · · ,
m ec
2

(1.1)
(1.2)

where E x(0) , E x(2) and B y(2) are the zeroth-order and second-order fields, respectively, and
their magnitudes are similar to each other. Since we consider a relativistic electron co2
propagating with the laser in the +z direction, β ≈ βz ≈ 1 and 1 −
pβz ≈ 1/(2γ ) are used from
equations (1.1) to (1.2), where β = v/c, ε = 2/kw0 and γ = 1/ 1 − β 2 , Lorentz factor. The
magnitudes of 1/γ and ε determine which one of the 1st and 2nd terms in equation (1.2)
is dominant. We note from equation (1.2) that for 2(γ ε)2  1, the second term is dominant:
non-paraxial HOFs become important. This is clearly shown in figure 2(c), which shows the
transverse component of Lorentz force near focus exerting on a relativistic 100 MeV electron
co-propagating with a laser of 5 µm beam waist. In this case, 2(γ ε)2 = 200  1. Off-axis, the
force due to HOFs is indeed larger than that due to the paraxial field. The fact that 2(γ ε)2  1
implies that for a given beam waist, there is a threshold electron energy, beyond which the force
due to HOFs becomes dominant. However, as discussed below, due to the spatial profile of
HOF, there exists a range of electron energy in which the HOF has a remarkable effect on the
characteristics of RNTS.
2. Simulation method

In our simulation, we employed an 800 nm, 5 fs full-width at half maximum (FWHM), linearly
polarized (in the x-direction) laser pulse with a peak intensity of 2.2 × 1020 W cm−2 (a0 = 10,
a0 = eE 0 /m e ωc is the normalized vector potential, where E 0 is the laser electric field strength,
ω the frequency of the laser, e the electron charge, m e the electron mass and c the speed
of light). In simulations, an electron is initially situated at the peak of the envelope of
the laser pulse on the z-axis at t = −10 000 fs. The time t = 0 is defined to be the time when
the peak of the envelope of the laser pulse passes the position z = 0, which is the position of the
laser beam waist (the best focus). The electron starts to co-propagate in the +z-direction along
with the laser pulse and passes through the best focus of the laser field.
2.1. Methods
To evaluate the radiation characteristic from the interaction of laser and electrons, the relativistic
equation of motion is numerically solved for the dynamics of an electron [16]. The motion of a
single electron in a high-intensity laser field is described by the following relativistic equation
of motion:
d
E
m e 0 (γ vE) = −e( EE + β × B),
dt
where m e is the electron mass, vE the velocity of the electron, γ the relativistic Lorentz factor,
βE = vE/c, and EE and BE are the electric and magnetic fields of an incident laser, respectively.
The fields used in this simulation are those derived by Salamin et al [10, 11] in a tight focus
regime in terms of the diffraction angle, ε = w0 /z r , up to the 11th-order, where w0 is the laser
beam waist and z r the Rayleigh length. The fields E x , B y and E z are written here up to the
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second order of ε, for simplicity


ρ 4 S4
E x = E S1 + ε ξ S3 −
+··· ,
4

 2


ρ 4 S4
2 ρ S3
B y = E S1 + ε
−
+··· ,
2
4
E z = Eξ {ε [C2 ] + · · ·} ,
p
2
2
where E = E 1 e−r /w , w = w0 1 + (z/z r )2 , z r = πw02 /λ, ξ = x/w0 , υ = y/w0 , ζ = z/z r and
ρ 2 = ξ 2 + υ 2 . E 1 = E 0 exp [−2 ln 2(t − z/c)2 /1tL2 ] where E 0 is the peak electric field and 1tL
is the laser pulse duration. Cn and Sn are defined as


2



2

 w n
0

cos(ψ + nψG ),
w
 w n
0
Sn =
sin(ψ + nψG ), n = 1, 2, 3, . . . ,
w

Cn =

where ψ = ψ0 + ωt − kz − kr 2 /2R and R = z + z r2 /z. ψ0 is the constant initial phase and k is
the laser wave number, 2π/λ. ψG is the Guoy phase expressed as ψG = tan−1 (z/z r ).
The angular distribution of the radiated power detected far away from the electron toward
the direction n̂ at a time t is then calculated as

o
n
r
dβE
E
dP(t)
e2  n̂ × (n̂ − β) × dt 
E 2,
E =
= | A(t)|
A(t)



3
d
4π c
1 − n̂ · βE
0
t

where t 0 is the electron’s time or retarded time and related to t by t = t 0 + x−n̂ c·rE (t ) .
Then the angular spectral intensity can be obtained by the Fourier transform of A(t) as
0

d2 I
= 2 |A(ω)|2 ,
dω d
Z ∞
1
A(ω) = √
A(t)e−iωt dt.
2π −∞
3. Results and discussion

The angular peak powers (the strongest radiation power over a whole range of interaction time
and angle of detection) [16] were acquired for various electron initial energies from 10 to
200 MeV and focal spot sizes (or beam waists) of the laser. Figure 3(a) shows the variation
of the angular peak power with respect to the initial electron energy for the laser field including
the HOFs (solid line) and not including the HOFs (dashed line). The laser beam waist is 5 µm at
focus. It is obvious that when the HOFs are included, the radiation is enhanced by several orders
of magnitude in a particular energy region (from 20 to 100 MeV) compared with that when the
HOFs are not included. Figure 3(b) reveals that higher energy photons (up to a few keV) are also
produced due to nonlinear interaction. The inset in figure 3(b) is the spectrum without HOFs.
New Journal of Physics 11 (2009) 063050 (http://www.njp.org/)
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Figure 3. (a) Angular peak power versus initial electron energy when the HOFs

(up to the seventh order) are included (solid line) and when the HOFs are not
included (dashed line). (b) Spectrum at the peak of radiation power (electron
energy: 50 MeV). The inset shows the spectrum when HOFs are not included.
(c) Enhancement of the peak power due to HOFs versus electron energy for
different beam waists. (d) Enhancement of the peak power with respect to laser
beam waist for various electron energies.
The calculation has also been done for different beam waists, keeping the laser intensity
constant. The enhancements of radiation power, the ratios of radiation power with HOFs to
that without HOFs, are shown in figure 3(c) and (d) for different electron beam energies and
laser beam waists. The enhancement can be as large as 100 000 times. The smaller the initial
electron energy or the laser beam waist, the larger the enhancement. Even at a laser beam waist
of 20 µm, the enhancement is already of the order of 10 (figure 3(d)). This clearly demonstrates
that the consideration of HOFs is very important in a tight focus regime.
The enhancement of radiation power can be understood by closely examining the electron
dynamics and what factors contribute to the radiation. According to electrodynamics [17], the
radiation is strongly emitted when an electron goes through severe acceleration. The simulation
reveals that the transverse component of acceleration, dβx /dt, greatly contributes to the total
radiation. The peak of angular radiation power can then be approximated as
(
)


2
dP(t)
e2 |dβx /dt|2
dβ
x
∝ γ8
.
≈
(2)
4
d peak 4π c (1 − β) ret
dt
ret
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Equation (2) tells us that the angular radiation power is a strong function of transverse
acceleration |dβx /dt| and the Lorentz factor, γ . |dβx /dt|∗ and γ ∗ are plotted in figures 4(a)
and (b) for the case of a laser beam waist of 5 µm, respectively. The star (∗ ) means that its value
is taken at the time when the electron emits its peak radiation. It is clearly seen that when the
initial energy of the electron is in the range of 20–100 MeV, the electron experiences severe
acceleration and thereby goes through a large energy gain. The increases in both |dβx /dt|∗
and γ ∗ work together to enhance the radiation by a factor of 100 000 at an initial energy of
50 MeV. In figure 4(a), note that |dβx /dt|, in general, decreases with an increase in the initial
electron energy. It scales as γ −3 (dashed or dashed-dot line) except in the energy range of
20–100 MeV. Figure 4(b) shows that outside this energy range, γ ∗ is almost the same as γ0
(initial γ ). For an electron of 10 MeV (γ ≈ 20) or smaller, the 1st term (∼10−2 E 0 ) in the
square bracket of equation (1.2) is larger than the second term (∼10−6 E 0 ) so that the first term
mainly contributes to dβx /dt, leading to dβx /dt ∝ γ −3 . The severe acceleration in the region
of 20–100 MeV is closely related to the spatial profile near the focus z = 0 of the force field,
E x − βz B y (or E x − B y with βz ≈ 1) acting on the electron, as shown in figure 4(c). Trajectories
of electrons with different initial energies of 30, 50 and 100 MeV are also drawn. As illustrated
in figure 4(c) or 2(c), E x − βz B y vanishes on-axis, reaches its maximum around x/w0 = 1 and
then decreases again. Note that the electron of 30 MeV or smaller is bent too much to pass
through the focus (dashed-dot line), the electron of 50 MeV passes through the strong force
region (dashed line), and the electron of 100 MeV or higher stays closely on-axis (thin line)
where the force is weaker. This explains that electrons with an initial energy in the range of
20–100 MeV experience stronger acceleration than those outside this energy window. This is
manifested as a hump in both the |dβx /dt|∗ and the γ ∗ plot. Because of the laser intensity
and beam waist chosen in this study, a large increase in |dβx /dt|∗ and γ ∗ occurs in the energy
range of 20–100 MeV. This energy window can move to the higher energy side for larger laser
intensity because a higher laser field can bend the trajectory of a higher energy electron.
For electron energies slightly higher than 100 MeV, |dβx /dt|∗ again becomes proportional
to γ −3 . Since γ is very large, the electron is less bent and stays closely on-axis where HOF is
weak, as shown in figures 4(c) or 2(c), so that the second term of equation (1.2) becomes more
or less constant. This results in dβx /dt ∝ γ −3 again. The difference in the fitting constants c1
and c2 comes from the fact that the electron with a smaller energy is largely bent by the laser
field and radiates outside the Rayleigh range where the laser intensity is weak; on the other
hand, the electron with a higher energy passes through the focus, experiencing an effectively
higher laser field: hence, c2 is larger than c1 .
Up to now, we have shown that HOFs remarkably affect the radiation characteristics of a
single electron interacting with a co-propagating laser in a tight focus regime: (i) keV photons
can be produced and (ii) radiation power can be enhanced as much as 100 000 times. For a
real source, one has to work with an electron bunch. A series of simulations has been carried
out. The laser employed in the simulation has the following specifications: a pulse duration
of 5 fs FWHM and a wavelength of 800 nm (or a photon energy of 1.55 eV). The laser was
focused down to the 5 µm diameter spot at z = 0, where its intensity reaches 2.2 × 1020 W cm−2
(normalized vector potential is a0 = eE 0 /(mωc) = 10). An electron bunch with a charge
of 1 nC, an emittance of 2 mm mrad and a diameter of 30 µm is used in the simulation. An
electron bunch with these parameters is readily available in the current technology. Since the
spatial extent of the 5 fs FWHM pulse is about 3 µm, the length of the electron is limited to
14 µm to minimize computational load. Figures 5(a) and (b) show the temporal structure and the
New Journal of Physics 11 (2009) 063050 (http://www.njp.org/)
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that it is the value when the electron radiates its angular peak power. (b) The
Lorentz factor (solid line) at the time of maximum radiation with respect to initial
electron energy. The dashed line represents the initial Lorentz factor. (c) Force
field E x –B y on the zx-plane at t = 0. The color scale represents the magnitude
of the force field: white is the strongest force field and black represents no force.
The solid, dashed and dashed-dot lines represent electron trajectories for 100,
50 and 30 MeV, respectively. In (a), (b) and (c), the laser parameters are 5 fs,
800 nm, 2.2 × 1020 W cm−2 and w0 = 5 µm.

New Journal of Physics 11 (2009) 063050 (http://www.njp.org/)

10

Figure 5. Temporal structure (a) and spectrum (b) of the radiation from the

interaction of an electron bunch with a co-propagating tightly focused fs laser.
The energy of the electron bunch is 200 MeV and the energy spread is 0.1%. Note
that a train of attosecond pulses is generated and keV photons are produced.
(c) Dependence of total radiated energy without and with HOFs on initial
electron energy. Without HOFs, radiated energy decreases with initial electron
energy as γ −2.03 (cross and solid line); on the other hand, with HOFs, it increases
as γ +194 (inverse triangle and dashed line). (d) Average photon energy versus γ .
The average photon energy scales as γ +1.96 . 40 keV attosecond x-rays can be
produced for a 2 GeV electron bunch.

spectrum of the radiation from the interaction of such an electron bunch with a co-propagating
tightly focused fs laser. The energy of the electron bunch is 200 MeV and the energy spread
is 0.1%. The electron bunch consists of 3.0 × 104 electrons, which are randomly distributed
throughout the bunch. The centers both of the electron bunch and the laser meet at the best
focus (z = 0). The radiation is detected on the z-axis. Figure 5(a) shows that a train of attosecond
pulses is generated. The spectrum (figure 5(b)) shows that keV photons are produced.
Figure 5(c) shows the dependence of the total radiated energy without and with HOFs on
the initial electron energy. Note the drastic difference between them. Without HOFs, the radiated
energy decreases with the initial electron energy as γ −2.03 (cross and solid lines); on the other
hand, with HOFs, it increases as γ +1.94 (inverse triangle and dashed line). The average photon
energy also scales as γ +1.95 , as shown in figure 5(d). Using a 2 GeV electron beam, even 40 keV
attosecond x-rays can be produced. The photon number per electron bunch and laser pulse is
New Journal of Physics 11 (2009) 063050 (http://www.njp.org/)

11
calculated to be 4.2 × 106 when an 800 nm, 5 fs FWHM laser pulse with 420 mJ is focused
to a beam waist of 5 µm, and interacts with an electron bunch of 100 fs and 1 nC. The large
enhancement of the radiation power together with an ultra-short interaction time may lead to
the development of new strong ultra-short (attosecond, femtosecond) x-ray sources.

4. Conclusion

The radiation of a relativistic electron interacting with a co-propagating tightly-focused highpower laser is investigated. When a laser is focused tightly, the HOFs cannot be neglected:
they affect the dynamics of electrons rather significantly so as to enhance radiation intensity by
several orders of magnitude. In the case of a co-propagating interaction geometry, the secondorder field plays an important role in the radiation enhancement. It is demonstrated that when
HOFs are included, the radiation efficiency is increased by a factor of up to 100 000 for w0 = 2
and 5 µm, with a laser intensity of 2.2 × 1020 W cm−2 , compared with that when HOFs are not
included. The enhancement is larger for smaller electron energies and laser beam waists.
It has also been shown that when an electron bunch interacts with a high-intensity tightlyfocused fs laser pulse in a co-propagation geometry, attosecond (∼300 as) x-ray pulses can
be produced. The photon energy can reach about 40 keV for an electron energy of 2 GeV.
The physical scheme investigated in this work can be used for an ultrafast (attosecond or
femtosecond) x-ray source in the range of 10–100 keV.
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